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Rotation 旋转 

Note 
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Rotation 旋转 

Note Vector Product矢量叉乘 

Vector Product (Cross Product) 叉乘:  

Magnitude: 

|𝑎⃑ × 𝑏⃑⃑| = 𝑎𝑏 𝑠𝑖𝑛 𝜃 

Direction(Right hand rule):  
rotate from the first vector to the 
second vector. 

 

 

 

 

 

 

 

 

 

Right-handed coordinate system:  

𝑖 × 𝑗 = 𝑘⃑⃑ 

 

 

 

 

 

 

Vector Product calculation: 

𝑎⃑ × 𝑏⃑⃑ = (𝑎𝑥𝑖 + 𝑎𝑦𝑗 + 𝑎𝑧 𝑘⃑⃑) × (𝑏𝑥𝑖 + 𝑏𝑦𝑗 + 𝑏𝑧 𝑘⃑⃑) 

= (𝑎𝑦𝑏𝑧 − 𝑎𝑧𝑏𝑥)𝑖 + (𝑎𝑧𝑏𝑥 − 𝑎𝑥𝑏𝑧)𝑗 + (𝑎𝑥𝑏𝑦 − 𝑎𝑦𝑏𝑥)𝑘⃑⃑ 

Simplified notation: 

𝑎⃑ × 𝑏⃑⃑ = |
𝑖 𝑗 𝑘⃑⃑

𝑎𝑥 𝑎𝑦 𝑎𝑧

𝑏𝑥 𝑏𝑦 𝑏𝑧

| 

 

Properties: 

𝑎⃑ × 𝑏⃑⃑ = −𝑏⃑⃑ × 𝑎⃑ 

𝑎⃑ × 𝑎⃑ = 0 

𝑑

𝑑𝑡
(𝑎⃑ × 𝑏⃑⃑) =

𝑑𝑎⃑

𝑑𝑡
× 𝑏⃑⃑ + 𝑎⃑ ×

𝑑𝑏⃑⃑

𝑑𝑡
 

𝑎⃑ × (𝑏⃑⃑ × 𝑐) = (𝑎⃑ ∙ 𝑐) × 𝑏⃑⃑ − (𝑎⃑ ∙ 𝑏⃑⃑) × 𝑐 

 

 

x 

y 

z 

𝑖 

𝑗 

𝑘⃑⃑ 
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Rotation 旋转 

Note Rigid Body刚体 

Rigid body: 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note 

 

 

Rotation along a fixed axis: 

 

 

• But Infinitesimal angular displacement is a vector. 
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Rotation 旋转 

Note 

 

𝛼 =
𝑑𝜔

𝑑𝑡
 ⇒  𝑑𝜔 = 𝛼𝑑𝑡  ⇒  𝜔 − 𝜔0 = ∫ 𝛼𝑑𝑡 

If 𝛼 is constant, then: 

𝜔 = 𝜔0 + 𝛼𝑡 

𝜃 = 𝜃0 + 𝜔𝑡 +
1

2
𝛼𝑡2 

𝜔2 = 𝜔0
2 + 2𝛼(𝜃 − 𝜃0) 

𝑣 = 𝑣0 + 𝑎𝑡 

𝑥 = 𝑥0 + 𝑣𝑡 +
1

2
𝑎𝑡2 

𝑣2 = 𝑣0
2 + 2𝛼(𝑥 − 𝑥0) 

  

 

 
 

Example 
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Rotation 旋转 

Note 

 

 

Rotational kinetic energy 

Particle system Rotation system 

Mass m 

 

Moment of inertia I 

Discrete particles: 𝐼 = ∑ 𝑚𝑖𝑟𝑖
2 

Continuous object: 𝐼 = ∫ 𝑟2𝑑𝑚 

Kinetic energy 

𝐸𝑘 =
1

2
𝑚𝑣2 

Kinetic energy 

𝐸𝑘 =
1

2
𝐼𝜔2 

 

Example: An object consists of four point 

particles, each of mass m, connected by rigid 

massless rods to form a rectangle of edge lengths 

2a and 2b, as shown in the right figure. The 

system rotates with angular speed ω about an 

axis in the plane of the figure through the center, 

as shown. 

(a) Find the kinetic energy of this object using  

𝐸𝑘 =
1

2
𝐼𝜔2.  

𝐼 = ∑ 𝑚𝑖𝑟𝑖
2 = 𝑚𝑟1

2 + 𝑚𝑟2
2 + 𝑚𝑟3

2 + 𝑚𝑟4
2 

= 𝑚𝑎2 + 𝑚𝑎2 + 𝑚𝑎2 + 𝑚𝑎2 = 4𝑚𝑎2 

𝐸𝑘 =
1

2
𝐼𝜔2 =

1

2
(4𝑚𝑎2)𝜔2 = 2𝑚𝑎2𝜔2 

(b) Check your result by individually calculating the kinetic energy of each 

particle and then taking their sum. 

Speed of each particle:  𝑣𝑖 = 𝑟𝑖𝜔 = 𝑎𝜔 

Kinetic energy for each one: 𝐸𝑘𝑖 =
1

2
𝑚𝑣𝑖

2 =
1

2
𝑚𝑎2𝜔2 

Total kinetic energy: 𝐸𝑘 = 4(
1

2
𝑚𝑎2𝜔2) = 2𝑚𝑎2𝜔2 
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Rotation 旋转 

Note Example: Find the moment of inertia of a thin 

uniform rod of length L and mass M about an 

axis perpendicular to the rod and through one 

end.  

1. The linear density of the rod is: 

λ=M/L 

2. A mass element dm at a distance x from the axis.  

𝑑𝑚 = 𝜆𝑑𝑥 =
𝑀

𝐿
𝑑𝑥 

3. The moment of inertia about the y axis is: 

𝐼 = ∫ 𝑥2𝑑𝑚 = ∫ 𝑥2
𝑀

𝐿
𝑑𝑥

𝐿

0

=
𝑀

𝐿
∫ 𝑥2𝑑𝑥

𝐿

0

=
𝑀

𝐿
(

𝑥3

3
)

0

𝐿

=
1

3
𝑀𝐿2 

 

 

Example:  Find the moment of 

inertia of a hoop of mass M and 

radius R.  The axis of rotation is 

the symmetry axis of the hoop, 

which is perpendicular to the plane 

of the hoop and through its center. 

𝐼 = ∫ 𝑟2𝑑𝑚 

Please note that the radius r is independent of dm, so the equation above can be: 

𝐼 = 𝑟2 ∫ 𝑑𝑚 = 𝑅2 ∫ 𝑑𝑚 = 𝑅2𝑀 

 

Example:  Find the moment of 

inertia of a uniform disk about a 

perpendicular axis through its 

center. The disk has mass M and 

radius R. 

1. The mass per unit area σ is: 

𝜎 =
𝑀

𝐴
=

𝑀

𝜋𝑅2
 

2. For the mass element of a 

hoop with radius r, thickness dr and mass dm: 

𝑑𝑚 = 𝜎𝑑𝐴 =
𝑀

𝜋𝑅2
(2𝜋𝑟𝑑𝑟) 

3. The moment of inertia: 

𝐼 = ∫ 𝑟2𝑑𝑚 = ∫ 𝑟2
𝑀

𝜋𝑅2
2𝜋𝑟𝑑𝑟

𝑅

0

=
2𝑀

𝑅2
∫ 𝑟3𝑑𝑟

𝑅

0

=
2𝑀

𝑅2
(

𝑟4

4
)

0

𝑅

=
1

2
𝑀𝑅2 
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Rotation 旋转 

Note 

 

 

Parallel-axis theorem 

𝐼𝐴 = 𝑀𝑑2 + 𝐼𝑐𝑚 

𝑑 = 𝑟𝑐𝑚 

 

 

Example: Applying the Parallel-Axis 

Theorem. 

A thin uniform rod of mass M and 

length L on the x axis has one end at 

the origin. Using the parallel-axis 

theorem, find the moment of inertia 

about the y’ axis, which is parallel to 

the y axis, and through the center of the rod. 

1. We have got that 𝐼𝑦 =
1

3
𝑀𝐿2 about one end and want to find 𝐼𝑐𝑚 

2. Use the parallel-axis theorem with 𝑑 =
1

2
𝐿 

𝐼𝑦 = 𝑀𝑑2 + 𝐼𝑐𝑚  ⇒  𝐼𝑦 = 𝑀(
1

2
𝐿)2 + 𝐼𝑐𝑚  ⇒  𝐼𝑐𝑚 = 𝐼𝑦 −

1

4
𝑀𝐿2 =

1

12
𝑀𝐿2 

 

 

 

  



 11 / 31 

 

Rotation 旋转 

Note Newton’s 2nd Law for Rotation旋转牛二 

A single force: 

𝐹⃑ 

The tangential direction component if it 

is: 

𝐹𝑡 = 𝐹 sin ∅ 

𝐹𝑡 = 𝑚𝑎𝑡 

𝑟𝐹𝑡 = 𝑟𝑚𝑎𝑡 = 𝑟𝑚(𝑟𝛼) = 𝑚𝑟2𝛼 

Definition: Torsional torque or torque 扭矩 τ 

τ = 𝐹𝑡𝑟 = 𝑚𝑟2𝛼 

SI unit: N·m 

Direction: along the rotational axis and using right hand law. 

For rigid object that rotate about a fixed axis 

τ𝑖 𝑛𝑒𝑡 = 𝑚𝑖𝑟𝑖
2𝛼 

∑ τ𝑖 𝑛𝑒𝑡 = ∑ 𝑚𝑖𝑟𝑖
2𝛼 = (∑ 𝑚𝑖𝑟𝑖

2) 𝛼 = 𝐼 𝛼 

Newton’s second law for Rotation 

∑ τ𝑖 𝑛𝑒𝑡 = ∑ τ𝑒𝑥𝑡 = 𝐼 𝛼 

Can be rewrite as 

τ = 𝐼 𝛼 = 𝐼𝑟𝑎 

Notice 

1. Torque here means the torque about the rotation axis. 

2. The new torque caused by internal force always equals to zero. 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note Applying Newton’s second law for Rotation along a fixed axis: 

 

Procedure: 

1. Draw a free-body diagram with the object shown as a likeness of 

object (not just as a dot). 

2. Draw each force vector along the line of action of that force. 

3. On the diagram indicate the positive direction (clockwise or 

counterclockwise) for rotation. 

 

Example: A uniform thin rod of length L 

and mass M is pivoted at one end. It is 

held horizontal and released. Effects 

due to friction and air resistance are 

negligible. Find  

(a) the angular acceleration of the rod 

immediately following its release, and 

1. Sketch a free-body diagram of 

the rod shown above:  

2. Write Newton’s second law for rotation: ∑ τ𝑒𝑥𝑡 = 𝐼 𝛼  

3. Compute the torque due to gravity about the given axis. The rod is 

uniform, so its center of gravity is at its center, a distance L/2 from the 

axis: τ𝑔𝑟𝑎𝑣 = 𝑀𝑔
𝐿

2
 

4. Find the moment of inertia about the end of the rod: 𝐼 =
1

3
𝑀𝐿2 

5. Substitute these values into the step-2 equation to compute α:  

𝛼 =
τ𝑔𝑟𝑎𝑣

𝐼
=

𝑀𝑔
𝐿
2

1
3

𝑀𝐿2
=

3𝑔

2𝐿
 

(b) the magnitude of the force exerted on the rod by the 

pivot at this instant. 

1. Sketch a free-body diagram of the rod: 

2. Write Newton’s second law for a system for the rod:  

F𝐴 − 𝑀𝑔 = 𝑀𝑎𝑐𝑚 𝑦 

3. Conservation of Mechanical energy:  

𝑀𝑔 (
𝐿

2
) =

1

2
𝐼𝜔2 =

1

2
(
1

3
𝑀𝐿2)𝜔2 

𝜔2 =
3𝑔

𝐿
 

4. Use the relation 𝑎𝑛 = 𝑟𝜔2 to find 𝑎𝑛,: 

𝑎𝑐𝑚 𝑛 = 𝑟𝑐𝑚𝜔2 =
𝐿

2
𝜔2 =

𝐿

2

3𝑔

𝐿
=

3

2
𝑔 

5. F𝐴 = 𝑀𝑔 + 𝑀𝑎𝑐𝑚 𝑛 = 𝑀𝑔 + 𝑀 (
3

2
𝑔)  ⇒  F𝐴 =

5

2
𝑔 

(c) What initial angular speed would be needed for the rod to just reach vertical 

position at the top of its swing? 

𝑀𝑔 (
𝐿

2
) =

1

2
𝐼𝜔2 =

1

2
(

1

3
𝑀𝐿2) 𝜔2 ⇒  𝜔 = √

3𝑔

𝐿
 

ω 

y 

Mg 

FA 

注意 I是关

于端点的，

不是关于

CM 的 
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Rotation 旋转 

Note Nonslip condition of string on a pulley wheel: 

𝑣𝑡 = 𝜔𝑅 

𝑎𝑡 = 𝛼𝑅 

 

 

Example: Two blocks are 

connected by a string that passes 

over a pulley of radius R and 

moment of inertia I. The block of 

mass 𝑚1 slides on a frictionless, 

horizontal surface; the block of 

mass 𝑚2 is suspended from the 

string. Find the acceleration α of 

the blocks and the tensions 𝑇1 

and 𝑇2. The string does not slip on 

the pulley. 

 

1. Free-body diagram of block 𝑚1 

𝑇1 = 𝑚1𝑎 

Free-body diagram of block 𝑚2 

𝑚2𝑔 − 𝑇2 = 𝑚2𝑎 

Free-body diagram of the pulley 

𝑇2𝑅 − 𝑇1𝑅 = 𝐼𝛼 

 

 

2. For non-slip condition: 𝑎 = 𝑎𝑡 = 𝛼𝑅 

 

 

3. 𝑎 =
𝑚2

𝑚1+𝑚2+(
𝐼

𝑅
)

2 𝑔 

𝑇1 = 𝑚1𝑎 =
𝑚1𝑚2

𝑚1 + 𝑚2 + (
𝐼
𝑅

)
2 𝑔 

𝑇2 = 𝑚2(𝑔 − 𝑎) =
𝑚1 + (

𝐼
𝑅

)
2

𝑚1 + 𝑚2 + (
𝐼
𝑅

)
2 𝑚2𝑔 
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Rotation 旋转 

Note work of torque: 

𝑑𝑊 = 𝐹⃑𝑑𝑙 

= 𝐹𝑡𝑑𝑠 

= 𝐹𝑡𝑟𝑑𝜃 

= 𝜏𝑑𝜃 

Power of torque: 

  𝑃 =
𝑑𝑊

𝑑𝑡
 

= 𝜏
𝑑𝜃

𝑑𝑡
 

= 𝜏𝜔 
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Rotation 旋转 

Note Plane-parallel motion平面平行运动 

Every point in the rigid body moves parallelly to a certain plane. 

Dynamic equations of plane-parallel motion: 

Translational motion of center of mass: 

∑ 𝐹⃑𝑛𝑒𝑡 = 𝑀𝑎⃑𝑐𝑚 

Rotation along the center of mass: 

𝜏𝑒𝑥𝑡−𝑐𝑚 = 𝐼𝑐𝑚𝛼 

• The net torque caused by inertial force in CM frame to the entire 

system is always zero. 

• Even if 𝒂⃑⃑⃑𝒄𝒎 ≠ 𝟎, the equation above is correct. 

Plane-parallel motion can be determined by: 

{

𝐹𝑒𝑥𝑡−𝑥 = 𝑀𝑎𝑐𝑚−𝑥

𝐹𝑒𝑥𝑡−𝑦 = 𝑀𝑎𝑐𝑚−𝑦

𝜏𝑒𝑥𝑡−𝑐𝑚 = 𝐼𝑐𝑚𝛼
 

 

 

Kinetic Energy: 

𝐸𝑘 =
1

2
𝑀𝑣𝑐𝑚

2 +
1

2
𝐼𝑐𝑚𝜔2    Only in CM reference fame 

 

 

Work-energy theorem for rigid body 

∆𝐸𝑘 = 𝐸𝑘(𝑡) − 𝐸𝑘(𝑡0) = ∫ 𝐹⃑𝑒𝑥𝑡

𝑡

𝑡0

∙ 𝑑𝑟 + ∫ 𝜏𝑒𝑥𝑡−𝑐𝑚

𝜃

𝜃0

∙ 𝑑 

The change in kinetic energy of a rigid body is equal to the work done by 

external forces on its center of mass plus the work done by external torques 

about the center of mass. 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note 
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Rotation 旋转 

Note 

 

7. Non-slip Condition 

When a string that is wrapped around a pulley or disk does not slip 

𝑣𝑡 = 𝑟𝜔 

𝑎𝑡 = 𝑟𝛼 

Rolling without slipping 

𝑣𝑐𝑚 = 𝑟𝜔 

𝑎𝑐𝑚 = 𝑟𝛼 

Point P with position 𝑟 on the rigid body 

𝑣⃑𝑝 = 𝑣⃑𝑐𝑚 + 𝜔⃑⃑⃑ × 𝑟 

 

 

If the velocity of the contact point A is zero 

𝑣⃑𝐴 = 𝑣⃑𝑐𝑚 + 𝜔⃑⃑⃑ × 𝑟𝐴 = (𝑣𝑐𝑚 − 𝜔𝑟)𝑖 = 0 
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Rotation 旋转 

Note Example: A cue stick strikes a 

cue ball horizontally at a point a 

distance d above the center of 

the ball. Find the value of d for 

which the cue ball will roll 

without slipping from the 

beginning. Express your answer in terms of the radius R of the ball. (𝐼𝑐𝑚 =

2

5
𝑀𝑅2) 

Newton’s 2nd law: 

{
𝐹 = 𝑚𝑎𝑐𝑚     (1)
𝜏 = 𝐼𝑐𝑚𝛼              
𝜏 = 𝐹𝑑                  

 

Nonslip condition: 

𝑎𝑐𝑚 = 𝑅𝛼 

(1) ⇒ 𝐹 = 𝑚𝑎𝑐𝑚 = 𝑚𝑅𝛼 = 𝑚𝑅 (
𝜏

𝐼𝑐𝑚
) = 𝑚𝑅 (

𝐹𝑑

𝐼𝑐𝑚
) 

⇒ 𝐹 = 𝑚𝑅 (
𝐹𝑑

𝐼𝑐𝑚
) ⇒ 1 = 𝑚𝑅 (

𝑑

𝐼𝑐𝑚
) ⇒ 𝑑 =

𝐼𝑐𝑚

𝑚𝑅
=

2
5

𝑀𝑅2

𝑚𝑅
=

2

5𝑅
 

 

Example: A uniform solid ball of mass m and radius R rolls without slipping 

down a plane inclined at an angle Φ above the horizontal. Find the frictional 

force and the acceleration of the center of mass. (𝐼𝑐𝑚 =
2

5
𝑀𝑅2). 

Newton’s 2nd law: 

{
𝐹𝑥 = 𝑚𝑔 sin 𝛷 − 𝑓𝑠 = 𝑚𝑎𝑐𝑚−𝑥

𝜏 = 𝑓𝑠𝑅 = 𝐼𝑐𝑚𝛼
 

Nonslip condition: 

𝑎𝑐𝑚 = 𝑅𝛼 

⇒ 𝑓𝑠 = 𝑚𝑔 sin 𝛷 − 𝑚𝑎𝑐𝑚−𝑥 

= 𝑚𝑔 sin 𝛷 − 𝑚𝑅𝛼 

= 𝑚𝑔 sin 𝛷 − 𝑚𝑅(𝑓𝑠𝑅/𝐼𝑐𝑚) 

⇒ 𝑓𝑠 + 𝑚𝑅(𝑓𝑠𝑅/𝐼𝑐𝑚) = 𝑚𝑔 sin 𝛷 

⇒ 𝑓𝑠[1 + 𝑚𝑅2/𝐼𝑐𝑚] = 𝑚𝑔 sin 𝛷 

⇒ 𝑓𝑠 = 𝑚𝑔 sin 𝛷 /(1 + 𝑚𝑅2/𝐼𝑐𝑚) = 𝑚𝑔 sin 𝛷 /(1 + 5/2) = (2/7) 𝑚𝑔 sin 𝛷 
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Rotation 旋转 

Note Rotation with slipping (Optional) 

 
Example: A bowling ball of mass M and 

radius R is released at floor level so that at 

release it is moving horizontally with 

speed𝑣0 = 5.0 𝑚/𝑠 and is not rotating. The 

coefficient of kinetic friction between the 

ball and the floor is 𝜇𝑘 = 0.080. 

Find (a) the time the ball skids along the 

floor (after which it begins rolling without 

slipping), and (b) the distance the ball skids. 
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Rotation 旋转 

Note Angular Momentum角动量 

Definition:  

𝐿⃑⃑ = 𝑟 × 𝑝⃑ 

SI unit: 𝑘𝑔 ∙ 𝑚2/𝑠 

 

Conversion: 

𝐿⃑⃑ = 𝑟 × 𝑝⃑ = 𝑟 × 𝑚𝑣⃑ 

= 𝑟 × 𝑚(𝜔⃑⃑⃑ × 𝑟) 

= 𝑚𝑟2𝜔⃑⃑⃑ − 𝑚(𝜔⃑⃑⃑ ∙ 𝑟)𝑟 

𝐿⃑⃑ = 𝐼𝜔⃑⃑⃑ only when the second term 

equals zero. 
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Rotation 旋转 

Note 

 

 

Theorem of angular momentum:  

𝜏𝑛𝑒𝑡 =
𝑑𝐿⃑⃑

𝑑𝑡
 

Integral representation: 

∆𝐿⃑⃑ = ∫ 𝜏𝑛𝑒𝑡𝑑𝑡
𝑡

0

 

Angular impulse:  

𝐽 = ∫ 𝜏𝑛𝑒𝑡𝑑𝑡
𝑡

0

  ⇒   𝑑𝐿⃑⃑ = 𝑑𝐽 

 

 

 

Net torque act on the object equals to the 

change rate of angular momentum of the 

object about the same point. 

The change of angular momentum of the 

object equals to the angular impulse exert 

on the object about the same point. 

Total angular momentum of a two-particle isolated system 

about a certain point is conserved. 
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Rotation 旋转 

Note Angular momentum in center of mass reference frame (Optional) 
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Rotation 旋转 

Note 

 

 
Example: An Atwood’s machine has two blocks 

with masses 𝑚1 and 𝑚1 (𝑚1 > 𝑚2) connected 

by a string of negligible mass that passes over a 

pulley with frictionless bearings. The pulley is a 

uniform disk of mass M and radius R. The string 

does not slip on the pulley. Apply theorem of 

angular momentum to the system consisting of the 

two blocks, the string, and the pulley, to find the 

angular acceleration of the pulley and the linear 

acceleration of the blocks. 
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Rotation 旋转 

Note 

 

Conservation of Angular Momentum 

𝜏𝑛𝑒𝑡 =
𝑑𝐿⃑⃑𝑠𝑦𝑠

𝑑𝑡
= 0 ⇒  𝐿⃑⃑𝑠𝑦𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

When the net external torque acting on a system about point remains zero, 

the system’s angular momentum keeps constant. 
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Rotation 旋转 

Note Example: A uniform plank of length 

L=3.00m and mass M=35kg is  

supported by scales a distance d=0.50m 

from the ends of the board, as shown in the 

right figure. (a) Find the reading on the 

scales when Mary, whose mass m=45kg, 

stands on the left end of the plank. (b) 

Sergio climbs onto the plank and walks 

toward Mary, who jumps to the floor when 

the plank starts to tip. Sergio keeps walking 

all the way to the left end of the plank, and 

when he gets there the scale supporting the 

right end of the plank reads zero. Find Sergio’s mass. 
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Rotation 旋转 

Note Equilibrium平衡 

 

 

  

(Optional) 
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Rotation 旋转 

Note Summary总结 

1.  Velocity and Acceleration 

Velocity   𝑣 = 𝑑𝑥/𝑑𝑡 

Acceleration  𝑎 =
𝑑𝑣

𝑑𝑡
=

𝑑2𝑥

𝑑𝑡2  

Angular velocity   𝜔 = 𝑑𝜃/𝑑𝑡 

Angular acceleration  𝛼 =
𝑑𝜔

𝑑𝑡
=

𝑑2𝜃

𝑑𝑡2  

Tangential velocity  𝑣𝑡 = 𝑟𝜔 

Tangential acceleration 𝑎𝑡 = 𝑟𝛼 

Centripetal acceleration 𝑎𝑛 = 𝑣2/𝑟 = 𝜔2𝑟 

2. Constant acceleration 

𝑣 = 𝑣0 + 𝑎𝑡 

𝑥 = 𝑥0 + 𝑣𝑡 +
1

2
𝑎𝑡2 

𝑣2 = 𝑣0
2 + 2𝛼(𝑥 − 𝑥0) 

𝜔 = 𝜔0 + 𝛼𝑡 

𝜃 = 𝜃0 + 𝜔𝑡 +
1

2
𝛼𝑡2 

𝜔2 = 𝜔0
2 + 2𝛼(𝜃 − 𝜃0) 

3. Moment of Inertia 

Systems of particles  𝐼 = ∑ 𝑚𝑖𝑟𝑖
2 

Continuous object  𝐼 = ∫ 𝑟2𝑑𝑚 

Parallel-axis theorem  𝐼 = 𝐼𝑐𝑚 + 𝑀𝑑2 

4. Torque 

𝜏 = 𝐹𝑡𝑟 = 𝐹𝑟 sin 𝜑 = 𝐹𝑙 

 

5. Newton’s Second law 

Particle 

∑ 𝐹⃑ = 𝑚𝑎⃑ 

Plane-parallel motion 

{

𝐹𝑒𝑥𝑡−𝑥 = 𝑚𝑎𝑐𝑚−𝑥

𝐹𝑒𝑥𝑡−𝑦 = 𝑚𝑎𝑐𝑚−𝑦

𝜏𝑒𝑥𝑡−𝑐𝑚 = 𝐼𝑐𝑚𝛼
 

6. Non-slip Condition 

Rolling without slipping 

𝑣𝑐𝑚 = 𝑟𝜔 

𝑎𝑐𝑚 = 𝑟𝛼 

Point P with position 𝑟 on the rigid body 

𝑣⃑𝑝 = 𝑣⃑𝑐𝑚 + 𝜔⃑⃑⃑ × 𝑟 

 

 

7. Work and energy 

Kinetic energy 𝐸𝑘 =
1

2
𝑚𝑣2 

Power   𝑃 = 𝐹𝑉 

Kinetic energy 𝐸𝑘 =
1

2
𝐼𝜔2 

Power   𝑃 = 𝜏𝜔 

Kinetic energy for rotating object 

𝐸𝑘 =
1

2
𝑚𝑣𝑐𝑚

2 +
1

2
𝐼𝑐𝑚𝜔2 

Work-energy theorem for rigid body:  

∆𝐸𝑘 = 𝐸𝑘(𝑡) − 𝐸𝑘(0) = ∫ 𝐹⃑𝑒𝑥𝑡 ∙ 𝑑𝑟
𝑡

0

+ ∫ 𝜏𝑒𝑥𝑡−𝑐𝑚

𝜃

𝜃0

𝑑𝜃 

 

 𝐹𝑒𝑥𝑡 on its center of mass 𝜏𝑒𝑥𝑡 on its center of mass 

If the velocity of the contact point A is zero 

𝑣𝑐𝑚 = 𝜔𝑟 
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Rotation 旋转 

Note  

8. Angular Momentum 

Momentum 

𝑝⃑ = 𝑚𝑣⃑ 

Angular Momentum 

𝐿⃑⃑ = 𝑟 × 𝑝⃑           (𝑘𝑔 ∙ 𝑚2/𝑠) 

Theorem of angular momentum:  

𝜏𝑛𝑒𝑡 =
𝑑𝐿⃑⃑

𝑑𝑡
 

Integral representation: 

∆𝐿⃑⃑ = ∫ 𝜏𝑛𝑒𝑡𝑑𝑡
𝑡

0

 

Angular impulse:  

𝐽 = ∫ 𝜏𝑛𝑒𝑡𝑑𝑡
𝑡

0

  ⇒   𝑑𝐿⃑⃑ = 𝑑𝐽 

Conservation of Angular Momentum 

𝜏𝑛𝑒𝑡 =
𝑑𝐿⃑⃑𝑠𝑦𝑠

𝑑𝑡
= 0 ⇒  𝐿⃑⃑𝑠𝑦𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  
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Net torque act on the object equals to the 

change rate of angular momentum of the 

object about the same point. 

The change of angular momentum of the 

object equals to the angular impulse exert 

on the object about the same point. 


